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The paper provides a unified point of view on some classes of graphs: clique 
graphs, weakly, geodetic graphs, ptolemaic graphs and Husimi trees. A purely 
metric characterization of Husimi trees is given. 
INTRODUCTION 
The present paper deals with several, apparently unrelated, classes of graphs 
(enumerated and linked in Section 1 below). 
By introducing the notion of bulge (2.1) which measures an “extraclique 
girth” of a graph we obtain a short characterization of weakly geodetic 
graphs (2.3) and slightly strengthen a theorem due to D. C. Kay and 
G. Chartrand [8] characterizing Husimi trees as weakly geodetic ptolemaic 
graphs (2.6). In Section 3 we show that ptolemaic graphs are a subclass of 
clique graphs and obtain a strong necessary condition for a graph to be 
ptolemaic (3.2). Finally, a purely metric characterization of Husimi trees is 
given in Section 4. 
The basic terminology is that of [l] and [6]. In particular the graphs 
considered are undirected without loops or multiple edges. Paths are denoted 
by Greek letters and I(a) = length of a!. A u - u edge is denoted by UV, 
and uv E G means that u is adjacent to v in G. 
1. PRELIMINARIES 
We will be interested in the relationship between the following classes of 
graphs: clique graphs, ptolemaic graphs, weakly geodetic graphs, simple 
graphs and Husimi trees. 
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1.1. DEFINITION. A clique of G is a maximal complete subgraph of G. 
The clique graph of G is the graph H such that V(H) = {Q: Q is a clique of G) 
and QP E E(H) iff Q n P # er . A graph H is a clique graph if it is a clique 
graph of some graph G. 
1.2. DEFINITION. A collection .%? of subgraphs of G is said to have the 
property 9 [9] if, for any finite subset {K1 , & ,..., K,) of X, Ki r\ 4 # @, 
1 < i,j < n, implies nlvi (1 < i < n) # O. We will say that G is an 
Y-graph if the set X(G) of all cliques of G has property 9. 
In [4] Hamelink proved the following: 
1.3. THEOREM. An Y-graph is a clique graph. 
(Hamelink’s result was subsequently strengthened by Roberts and 
Spencer [9] : G is a clique graph if and only if some class of complete subgraphs 
of G covers all edges of G and has property S.) 
1.4. DEFINITION. A metric space (X, d) isptolemaic [2] if each U, v, x, y E X 
satisfy the ptolemaic inequality: 
44 4 .4x, Y) < d(u, 4 . d(v, Y) + 44 Y) .d(v, 4. 
1.5. DEFINITION. Let G be a connected graph. The distance between 
two vertices u and v of G is the length of the shortest u - v path. Clearly 
(V(G), d) is a metric space. G is ptolemaic [8] if (V(G), d) is ptolemaic. 
1.6. DEFINITION. A graph G is said to be weakly geodetic [8] if for every 
pair u, v of vertices of G such that d(u, v) < 2 there is exactly one shortest 
u - v path. 
1.7. DEFINITION. A graph G is called a Husimi tree [l] if G is connected 
and every block of G is a complete graph. 
Kay and Chartrand proved in [8] the following 
1.8. THEOREM. A graph G is a Husimi tree if and only if G is weakly 
geodetic and ptolemaic. 
We now introduce two new classes of graphs: 
I .9. DEFINITION. A graph G is called semiptolemaic if, for every subgraph 
H (Fig. 1) of G, xb E G or ya E G. 
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1.10. Remark. It is easy to verify that if the graph H (Fig. 1) is a subgraph 
of G and xb # G, ya 4 G, then the vertices x, y, a, b violate the ptolemaic 
inequality. Hence, if G is ptolemaic then G is semiptolemaic. The converse is 
false: C, , the cycle of length 4, is a counterexample. 
a b 
H: 
FIGURE 1 
1.11. DEFINITION. A graph G is simpZe if any two distinct cliques of G 
have at most one vertex in common. 
1.12. Remark. It follows from the definitions that a simple graph is 
semiptolemaic; a complete &graph with one edge removed constitutes a 
counterexample for the converse. 
1.13. THEOREM. The classes of graphs defined above are related as follows 
(where an arrow from SXI to B means that the clans & is properly contained in 
the class @: 
HUSIMI TREES 5 SIMPLE PTOLEMAIC GRAPHS 
(2.6) 
(1.8) 
WEAKLY GEODETIC GRAPHS 
PTOLEMAIC 
GRAPHS (2.4) 
SIMPLE GRAPHS 
SEMIPTOLEMAIC GRAPHS 
I (3.2) 
I-GRAPHS 
I 
(1.3) 
CLIQUE GRAPHS 
Proof. The relevant propositions are indicated on the diagram. 
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2. WEAKLY GEODETIC GRAPHS 
A characterization of weakly geodetic graphs will be given in 2.3 below. 
We first introduce the notion of bulge: 
2.1. DEFINITION. (i) A cycle OL of G will b e called a b-cycle of G provided 
that 01 is not contained in a clique of G. The bulge of G is the number b(G) = 
min{Z(ol): 01 is a b-cycle of G}; if G has no b-cycles we define b(G) = CO. 
(ii) An induced cycle of G is a cycle without diagonals. An induced 
b-cycle, i.e., an induced cycle of length 24, will be called a bb-cycle of G. 
Clearly a bb-cycle has at most one edge in common with any clique of G. 
We define the big bulge of G to be the number bb(G) = min{l(a): 01 is a 
bb-cycle of G}; if G has no bb-cycles we set bb(G) = CO. 
The following simple propositions relate b(G), bb(G) and the girth 
g(G) = min(Z(oc>: cy. is a cycle of G); g(G) = cc if G is acyclic. 
2.2. THEOREM. For an arbitrary graph G 
(9 3 G g(G) < b(G) < bb(G) 
(ii) b(G) 2 4 
(iii) if G is connected then: 
g(G) < CO @G is not a tree, and 
b(G) < co tjTG is not a Husimi tree 
(iv) g(G) >, 4 r$g(G) = b(G) = bb(G) 
(v) if G is simple then every b-cycle of minimal length is an induced 
cycle; in particular b(G) = bb(G) 
(vi) if b(G) 3 5 then G is simple 
(vii) if G isptolemaic then bb(G) > 5 (in fact [7] bb(G) = 00). 
Proof. We will prove only (vi) and (vii). 
(vi) Assume that G is not simple and let P and Q be distinct cliques 
of G such that P n Q contains an edge uv. Since P # Q, there exist non- 
adjacent vertices w1 E P, w2 E Q, w1 # w2 . Now, the 4-cycle (u, w, , v, w2 , U) 
is clearly contained in no clique of G in contradiction with b(G) 3 5. 
(vi)) Suppose that (u, x, v, y, U) is a 4-cycle without a diagonal. Then 
clearly the vertices U, v, x, y violate the ptolemaic inequality. Hence if G is 
ptolemaic then bb(G) 3 5. 
METRIC PROPERTIES OF CLIQUE GRAPHS 71 
2.3. THEOREM (Characterization of weakly geodetic graphs). A graph G is 
weakly geodetic if and only ifb(G) 3 5. 
Proof. Clearly G is weakly geodetic if and only if every Ccycle induces 
a complete subgraph K4 . The theorem follows now immediately from 2.2(ii). 
2.4. COROLLARY. G is weakly geodetic (f and only if G is simple and 
bb(G) 3 5. 
Proof. If G is weakly geodetic then, by 2.3, b(G) > 5. So G is simple and 
bb(G) > 5 follow from (vi) and (i) of 2.2. Conversely, if G is simple and 
bb(G) > 5 then, by 2.2(v), b(G) = bb(G) > 5. Thus, by 2.3, G is weakly 
geodetic. 
2.5. COROLLARY. The corollary above gives us a fairly good image of 
weakly geodetic graphs. Figure 2 represents a “typical” simple graph S 
(of bulge 4, hence not weakly geodetic). The bb-cycles of S are traced with a 
heavier line. 
FIGURE 2 
The next theorem is an extension of 1.8. 
2.6. THEOREM. A graph G is a Husimi tree if and only if G is simple and 
ptolemaic. 
Proof Clearly a Husimi tree is simple and, by 1.8, ptolemaic. 
Conversely, if G is simple and ptolemaic then, by (vii) and (v) of 2.2, 
b(G) > 5. Now, by 2.3, G is weakly geodetic. The conclusion follows from 1.8. 
3. PTOLEMAIC GRAPHS AND CLIQUE GRAPHS 
3.1. DEFINITION. We will say that a collection X of subgraphs of G has 
the property 9 if for every subcollection &’ = {Ki: i E Ij of Z such that 
Ki n Ki # 121, i, j E 1, and for any h E 1, the collection {Kh n Ki: i E Z> is 
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totally ordered by (graph-) inclusion. (It is not required that the graphs 
Kh n Ki are all distinct.) 
3.2. THEOREM. A graph G is semiptolemaic if and only if the collection 
.X?(G) of all cliques of G has the property 3. 
ProoJ: Suppose that H (Fig. 1) is a subgraph of G and let Q, , Q, , Q, be 
cliques of G such that {a, b, c} C Q, , {a, x, c} C Qz and { y, b, c} C Q, . If 
xb 4 G and ya 4 G then Q;s are distinct and the subcollection 9’ = 
{Q, , Q2 , Q3 of X(G) violates the property f (set h = 1). This proves the 
“if” part of the theorem. Assume conversely that &’ = {Qi: ie:I} is a col- 
lection of pairwise nondisjoint cliques of G such that, for some h E I, the 
collection {Qh n Qi: i E I} is not totally ordered by inclusion. Thus, for some 
p, q E I we can find vertices 
aEQhn<Q,--Q,) and b~Qnn(Q,- Q3. 
Consequently, for some vertices x E Q, and y E Qg, xb 4 G and ya $ G. Let c 
be any vertex of Q, n Q, . Now, the subgraph of G induced by the vertices 
a, b, c, X, y contains the graph H (Fig. 1). Hence, by construction, G is not 
semiptolemaic. This proves the theorem. 
3.3. COROLLARY. Clearly property X implies property 9. Consequently, 
semiptolemaic graphs are Y-graphs. The graph H (Fig. 1) is an §-graph but 
k not semiptolemaic. 
4. METRIC CHARACTERIZATION OF HUSIMI TREES 
Husimi trees have been characterized in many ways; the following 
propositions are equivalent: 
(i) G is a Husimi tree; 
(ii) Every cycle of G induces a complete graph; 
(iii) b(G) = cc (2.2(iii)); 
(iv) G is a block graph (of some graph F) [5]; 
(v) G is weakly geodetic and ptolemaic [8]; 
(vi) G is simple and ptolemaic (2.6). 
In the present section we will give another characterization based on the 
recent work of P. Buneman [3]. It shows that Husimi trees may be described 
by a metric condition in some respects much resembling the ptolemaic 
inequality. 
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4.1. DEFINITION. A graph G satisfies the four point condition (f.p.c.) if G is 
connected and for every U, v, X, y E V(G) 
&, u) + 4x, Y) < max 
It was noticed in [3] that trees satisfy the f.p.c. In fact, the following 
theorem was proved: 
4.2. THEOREM. A graph is a tree if and only ifit contains no triangles and 
satisjes thejIp.c. 
We present now: 
4.3. THEOREM (A metric characterization of Husimi trees). A graph G 
is a Husimi tree if and only ifit satisfies thejIp.c. 
Proof. We assume first that G satisfies the f.p.c. and will prove that 
b(G) = co. Clearly the vertices of any 4-b-cycle violate the f.p.c. Thus 
b(G) > 5 and, by 2.2(vi), G is simple. Let 01 be a b-cycle of minimum length. 
By 2.2(v), 01 is a M-cycle. It is plain thus that distances between points on 01 
can be measured along paths in the cycle (otherwise the configuration would 
give rise to two shorter b-cycles). The rest of the proof is the same as for 
[3, Theorem 11: Since ,(a) = 4q + r with q > 1, 0 < r < 3 then we can 
choose vertices, U, u, x, y in (II such that the numbers d(u, v), d(v, x), d(x, y) 
and d( y, U) are either q or q + 1. These vertices then violate the four point 
condition. Thus b(G) = co, i.e., G is a Husimi tree. 
It is straightforward but lengthy to show that a Husimi tree G satisfies the 
f.p.c. The following is a short outline of the proof: Argue by induction on the 
number of cliques of G. If G is a complete graph, f.p.c. is easy to verify. 
Otherwise, find a block (= clique) B of G containing exactly one cutpoint 
of G. Then prove f.p.c. with first 0, then 1, then 2, then 3 and finally 4 
vertices among U, u, x, y in B. 
4.4. COROLLARY. 4.2. 
4.5. Remark. In view of 4.3 we suggest that the four point condition (4.1) 
be called HT-condition (Husimi tree condition). By 2.6 the HT-condition is 
stronger than the ptolemaic inequality. 
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